Abstract. We study the interplay between three weak topologies on a topological semilattice X: the weak
• X (generated by the base consiting of open subsemilattices of X), the weak
• topology W • X (generated by the subbase consisting of complements to closed subsemilattices), and the I-weak topology WX (which is the weakest topology in which all continuous homomorphisms h : X → [0, 1] remain continuous). Also we study the interplay between the weak topologies W • X , W
• X , WX of a topological semilattice X and the Scott and Lawson topologies SX and LX, which are determined by the order structure of the semilattice. We prove that the weak
• topology W
• X on a Hausdorff semitopological semilattice X is compact if and only if X is chain-compact in the sense that each closed chain in X is compact. This result implies that the Lawson topology LX on a semilattice X is compact if and only if X is a continuous semilattice if and only if X complete in the sense that each non-empty chain C in X has inf(C) and sup(C) in X.
For a chain-compact Hausdorff topological semilattice X with topology TX we prove the inclusions WX ⊂ LX ⊂ W 
Introduction
A semigroup is a set X endowed with an associative binary operation · : X ×X → X, · : (x, y) → xy. A semigroup X is a band if each element x ∈ X is an idempotent in the sense that xx = x. A commutative band X is called a semilattice. Each band X carries the natural partial order ≤ defined by x ≤ y if xy = x = yx. A band endowed with the natural partial order is a poset (i.e., a partially ordered set).
For a point x of a poset (X, ≤) let ↑x := {y ∈ X : x ≤ y} and ↓x := {y ∈ X : y ≤ x} be the upper and lower set of x in (X, ≤). A subset C of a poset X is called a chain if x ∈ ↑y ∪ ↓y for any points x, y ∈ C.
A topologized semigroup is a semigroup X endowed with a topology T X . A topologized semigroup X is called a
• a topological semigroup if the binary operation X × X → X, (x, y) → xy, is continuous;
• a semitopological semigroup if the binary operation X × X → X, (x, y) → xy, is separately continuous; • a subtopological semigroup if for any subsemigroup S ⊂ X its closureS in X is a subsemigroup of X. It is easy to see that each topological semigroup is semitopological and any semitopological semigroup is subtopological. More information on topological semigroups can be found in the survey [9] of Comfort, Hofmann and Remus.
In this paper we shall be mainly interested in (semi)topological semilattices. An important example of a topological semilattice is the closed interval I = [0, 1] endowed with the semilattice operation I × I → I, (x, y) → min(x, y), of taking minimum.
On each topologized semigroup X we shall consider three weaker topologies: -the weak • topology W • X , generated by the base consisting of open subsemigroups of X, -the weak • topology W • X , generated by the subbase consisting of complements to closed subsemigroups of X, -the I-weak topology W X , generated by the subbase consisting of the preimages h −1 (U ) of open sets U ⊂ I under continuous semigroup homomorphisms h : X → I. It is clear that
where T X stands for the original topology of X and an arrow A → B indicates that A ⊂ B.
A topologized semigroup (X, T X ) is called
In the context of topological semilattices, weak • topological semilattices were introduced by Lawson [15] (who called them semilattices with small subsemilattices) and are well-studied in Topological Algebra [8, Ch.2] , [12, VI] ; I-weak topological semigroups also appear naturally in the theory of topological semilattices, see [8, Ch.2] or [12, . On the other hand, the notions of the weak • topology W • X or a weak • topologized semigroup seem to be new. In this paper we shall study the interplay between (separation properties) of the weak topologies W • X , W • X , W X on a topologized semilattice X. The inclusion relations ( * ) between the topologies W X , W • X , W • X and T X imply that each I-weak topologized semigroup X is both weak • and weak • .
To describe separation properties of the topologies W • X , W • X and W X let us define a topologized semigroup X to be
• 
• I-separated if for any distinct points x, y ∈ X there exists a continuous semigroup homomorphism h : X → I with h(x) = h(y). The inclusion relations ( * ) between the topologies W X , W • X , W • X , and T X ensure that for a Hausdorff topologized semigroup X the above separation properties relate as follows:
We complete this diagram by three properties of topologized semilattices, determined by the order and topological structure. We recall that each semilattice X carries the partial order ≤ defined by x ≤ y iff xy = x.
A topologized semilattice X is defined to be • a U -semilattice if for each open set V ⊂ X and point x ∈ V there exists a point v ∈ V whose upper set ↑v = {y ∈ X : vy = v} contains x in its interior in X; • a W -semilattice if for each open set V ⊂ X and point x ∈ V there exists a finite subset F ⊂ V whose upper set ↑F := y∈F ↑y contains x in its interior in X; • a V -semilattice if for any points x ≤ y in X there exists a point v / ∈ ↓y in X whose upper set ↑v contains x in its interior in X.
It is clear that each (Hausdorff semitopological) U -semilattice is a W -semilattice (and a V -semilattice). In Proposition 8.4 we shall observe that each semitopological V -semilattice is W • -Hausdorff and in Theorem 8.1 we shall prove that a semitopological semilattice is a W -semilattice if and only if it is a U -semilattice if and only if X is a U -semilattice in the sense of [8, p.16] . By (the proof of) Lemma 2.10 in [8] , each Hausdorff (semi)topological U -semilattice X is I-separated.
Therefore, for a Hausdorff semitopological semilattice we obtain the following Diagram 1 describing the interplay between various separation properties of Hausdorff semitopological semilattices.
Implications between some properties of Hausdorff semitopological semilattices
One of the main results of this paper is Theorem 9.1 saying that for a compact Hausdorff semitopological semilattice all properties in Diagram 1 are equivalent.
Some separation properties of Diagram 1 remain equivalent for complete Hausdorff semitopological semilattices. A topologized semilattice X is called complete if each chain in X has inf C ∈C and sup C ∈C in X. Complete topologized semilattices play an important role in the theory of (absolutely) H-closed semilattices, see [1, 2, 4, 6, 13, 18, 19] . By [1, 3.1], a Hausdorff semitopological semilattice X is complete if and only if each closed chain in X is compact if and only if for any continuous homomorphism h : S → Y from a closed subsemilattice S ⊂ X to a Hausdorff topological semigroup Y the image h(S) is closed in Y . In Theorem 7.6 we shall use this characterization to prove that each complete Hausdorff topological semilattice X has W X ⊂ L X ⊂ W • X , where L X is the Lawson topology, determined by the order structure of X.
In Theorem 5.6 we prove that a Hausdorff semitopological semilattice X is complete if and only if its weak • topology W • X is compact. We use this characterization to prove in Theorem 6.5 that the Lawson topology L X of a semilattice X is compact if and only if each non-empty chain C ⊂ X has sup C and inf C in X. This characterization improves the classical Theorem III-1.9 in [12] .
In Section 7 we study the interplay between the Scott and Lawson topologies S X and L X with weak topologies W and W • on a semitopological semilattice X. The main result here is Theorem 7.6 saying that for a complete Hausdorff semitopological semilattice X the inclusions W X ⊂ L X ⊂ W • X hold if X is a topological semilattice or X satisfies the separation axiom T 2δ (which is weaker than the functional Hausdorffness of X).
In Theorem 10.1 we shall prove that for a complete semitopological semilattice X satisfying the separation axiom T 1 the following properties are equivalent:
2. Categorial properties of the weak • , weak • , and I-weak topologies
In this section we shall establish some elementary categorial properties of the weak • , weak • , and I-weak topologies of topologized semigroups.
We recall that a function f : X → Y between topological spaces is
• perfect if f is closed and for every y ∈ Y the preimage f −1 (y) is compact; 
. Now assuming that the homomorphism h is perfect, we shall show that the map h :
Y is an open neighborhood of y, disjoint with h(F ). So, we assume that y ∈ h(X). Since h is perfect and y / ∈ h(F ), the set h −1 (y) is compact and disjoint with F . Since F is closed in (X, W • X ), for every x ∈ h −1 (y) there is a finite family F x of closed subsemilattices of X such that the basic open set
X is an open neighborhood of x, disjoint with the set F . For the open cover {V x : x ∈ f −1 (y)} of the compact subset f −1 (y) of X, there exists a finite subset Φ ⊂ f −1 (y) such that f −1 (y) ⊂ x∈Φ V x = X \ x∈Φ F x . It follows that the intersection x∈Φ F x contains F and is disjoint with h −1 (y). Since the homomorphism h is closed, for any E ∈ x∈Φ F x the image h(E) is a closed subsemilattice of Y and hence h(E) is closed in the weak
. Since for every y ∈ Y , the compact set f −1 (y) remains compact in the weak • topology of X, the closed map h :
4. Finally assume that h : X → Y is a topological embedding and Y is a subtopological semigroup. By Proposition 2.1(1), the homomorphism h :
To prove that h is a topological embedding, it suffices to show that for every W • X -closed subset F ⊂ X and any
Since h is a homomorphic topological embedding, for every i ≤ n the image h(F i ) is a closed subsemigroup of h(X). Since Y is a subtopological semigroup, the closure Let us also observe the following characterization of the T i -axiom of the weak • topology on a subtopological band for i ∈ {0, 1}.
We recall that a topological space X satisfies the separation axiom • T 0 if for any distinct points x, y ∈ X there exists closed set F ⊂ X containing exactly one of the points x, y; If the topology T X satisfies the separation axiom T 0 , then for any distinct points x, y ∈ X there exists a closed subset F ⊂ X containing exactly one of the points x, y. If x ∈ F , then {x} ⊂ F is a closed subsemigroup of X (because X is a subtopological band) and then E := {x} is a W • X -closed set containing x but not y. If x / ∈ F , then E := {y} is a W • X -closed set containing x but not y. In both cases we have found a W • X -closed set E containing exactly one of the points x, y. This means that the weak • topology W • X satisfies the separation axiom T 0 . By analogy we can prove X of a topologized semigroup X is Hausdorff if and only if for any distinct points x, y ∈ X there exists a finite cover F of X by closed subsemigroups of X such no set F ∈ F contains both points x and y.
3. Shift-continuity of the I-weak, weak • and weak • topologies A topology τ on a semigroup X is called shift-continuous if for any a ∈ X the left shift ℓ a : X → X, ℓ a : x → ax, and the right shift r a : X → X, r a : x → xa, both are continuous. This happens if and only if (X, τ ) is a semitopological semigroup.
Proposition 3.1. For any semitopological semigroup X, the I-weak topology W X is shift-continuous and hence (X, W X ) is a semitopological semigroup.
Proof. We need to prove that for every a ∈ X the left and right shifts ℓ a , r a : X → X are continuous with respect to the I-weak topology W X . This will follow as soon as we prove that for any continuous homomorphism h : X → I the compositions hℓ a := h • ℓ a and hr a := h • r a are homomorphisms of X into I. Indeed, for any x, y ∈ X we get
which means that hℓ a : X → I is a continuous homomorphism. By analogy we can check that hr a is a homomorphism.
Example 3.2. For the discrete two-element group X = {1, a} with generator a the weak • and weak • topologies W
• X = ∅, {1}, X and W
• X = ∅, {a}, X are not shift-continuous and hence (X, W • X ) and (X, W • X ) are not semitopological semigroups. On the other hand, the I-weak topology W X = {∅, X} is anti-discrete and hence is shift-continuous.
A topological semigroup X is called shift-homomorphic if for any a ∈ X the left shift ℓ a : X → X, ℓ a : x → ax, and the right shift r a : X → X, r a : x → xa, both are homomorphisms of X. The following characterization can be derived from the definitions. In this section we present some examples of weak • , weak • and I-weak topologized semigroups. We recall that a topologized semigroup (X, T X ) is called I-weak, (resp. weak
. A semigroup X is called linear if xy ∈ {x, y} for any x, y ∈ X. It is clear that each subset of a linear semigroup is a subsemigroup. Consequently, we have Proof. Consider the set X = {0} ∪ { 1 n : n ∈ N} endowed with the semilattice operation of minimum. Endow X with the topology T X consisting of sets U ⊂ X having the property: (⋆) if 0 ∈ U , then 1 2n ∈ U for all but finitely many numbers n ∈ N.
It is clear that X is a linear topological semilattice. So, X is both weak • and weak • . We claim that X is not I-weak. In the opposite case we could find continuous homomorphisms h 1 , . . . , h k :
Replacing each set U i by a smaller open set, we can assume that U i is order-convex in I. Since 0 is non-isolated in X, there is a number n ∈ N such that
The above example X was first considered by Gutik and Repovš in [13] .
Proof. By Proposition 2.1(1), the identity embedding i : X → Y is continuous in the I-weak topologies on X and Y . If the topologized semigroup Y is I-weak, then T Y = W Y and we have the chain of continuous identity embeddings:
Taking into account that the identity map (X,
is a topological embedding, we conclude that the identity map (X, W X ) → (X, T X ) is continuous and hence T X = W X , which means that the topologized semigroup X is I-weak. By analogy we can prove that X is weak • (or weak • ) if so is the topologized semigroup Y . Proof. Assume that the topologized semigroups X α , α ∈ A, are I-weak. By Proposition 2.1(1), for every α ∈ A the continuity of the projection pr α : X → X α implies the continuity of pr α in the I-weak topologies on X and X α . This implies that the identity map
is continuous. Now the chain of continuous identity maps
ensures that T X = W X , which means that the topologized semigroup X is I-weak. By analogy we can prove that the topologized semigroup X is weak • (or weak • ) if so are the topologized semigroups X α , α ∈ A. The following lemma gives a condition under which a topologized semigroup is not weak • . Proof. Assuming that X is weak • , we can find closed subsemigroups
for some i ≤ n the set I ∩ F n is infinite. Choose any distinct points a, b ∈ I ∩ F i and conclude that ab ∈ F i ⊂ X \ O x , which contradicts the choice of I. Now we construct a weak • topological semilattice which is not weak • .
Example 4.7. Let X be an infinite discrete space and 0 ∈ X be any point of X. Endow X with the semilattice operation xy =
x if x = y, 0 otherwise.
It is clear that the discrete topological semilattice X satisfies the condition of Lemma 4.6 and hence is not weak • . On the other hand, X is weak • , being a discrete topological semilattice.
An example of a weak • non-weak • topological semilattice is more complicated.
Example 4.8. There exists a countable topological semilattice X which is metrizable and weak • but not weak • .
Proof. Let X be the set of all sequences (x n ) n∈ω of non-negative rational numbers such that x n = 0 for all but finitely many numbers. Endow X with the semilattice operation of coordinatewise maximum. Consider the function Σ : X → R, Σ : (x n ) n∈ω → n∈ω x n . Let τ be the smallest topology on X such that for every k ∈ ω the coordinate projection pr k : X → R, pr k : (x n ) n∈ω → x k , is continuous. Let T X be the topology on X generated by the base {U ∩Σ −1 ([0, a)) : U ∈ τ, a ∈ R}. It can be shown that the topology T X is regular and has a countable base. By the Urysohn-Tychonoff Metrizability Theorem [11, 4.2.9] , the topological space (X, T X ) is metrizable.
One can check that (X, T X ) is a topological semilattice with respect to the semilattice operation of maximum. Moreover, this topological semilattice is weak • but not weak • . 
In Proposition 10.3 we shall give a partial affirmative answer to this problem for I-separated complete semitopological semilattices.
W • -compact topologized semigroups
In this section we study topologized semigroups whose weak • topology is compact. Such topologized semigroups are called W • -compact.
First, we present a simple characterization of W • -compact topologized semigroups and derive from it a more complicated (and useful) characterization of W • -compact semitopological semilattices.
A non-empty family F of subsets of a set X is called centered if each non-empty finite subfamily E ⊂ F has non-empty intersection E. The classical Alexander's subbase Theorem [11, 3.12.2] says that a topological space X is compact if and only if X has a subbase B of the topology such that any centered subfamily F ⊂ {X \ B : B ∈ B} has non-empty intersection. This Alexander's Theorem implies the following characterization. Now we shall detect topologized semilattices whose weak • topology is compact. First we recall some definitions related to topologized posets.
By a topologized poset we understand a poset endowed with a topology. A topologized poset X is called
• complete if each non-empty chain C ⊂ X has inf C ∈C and sup C ∈C;
• chain-compact if each closed chain in X is compact;
• ↑↓-closed if for any point x ∈ X the sets ↑x and ↓x are closed in X.
Lemma 5.2. Let X be a ↑↓-closed topologized poset. The closureC of any chain C in X is a chain.
Proof. Assuming thatC is not a chain, we can find two points x, y ∈C such that x / ∈ y := (↑y) ∪ (↓y). Since X is ↑↓-closed, the set X \ y is an open neighborhood of x. Since x ∈C, there exists a point z ∈ C \ y. Taking into account that C is a chain, we conclude that C ⊂ z and hence y ∈C ⊂ z = z, which contradicts z / ∈ y.
Complete topologized posets are studied in details in [4] , where it is proved that completeness of topologized posets can be equivalently defined using up-directed and down-directed sets instead of chains.
A subset D of a poset X is called up-directed (resp. down-directed) if for any x, y ∈ D there exists z ∈ D such that x ≤ z and y ≤ z (resp. z ≤ x and z ≤ y).
The following characterization was proved in [4] . It is a topological version of a known characterization of complete posets due to Iwamura [14] (see also [7] and [17] ). Proof. By Theorem 5.1, to show that X is W • -compact, it suffices to prove that each centered family F of closed subsemilattices in X has non-empty intersection.
This will be proved by induction on the cardinality |F| of the family F. If F is finite, then F = ∅ as F is centered. Assume that for some infinite cardinal κ we have proved that each centered family F consisting of |F| < κ many closed subsemilattices of X has non-empty intersection.
Take any centered family F = {F α } α∈κ of closed subsemilattices of X. By the inductive assumption, for every α < κ the closed subsemilattice F ≤α = β≤α F β is not empty. Let M α be a maximal chain in F ≤α . By the completeness of X, the chain M α has inf M α ∈M α ⊂F ≤α = F ≤α . We claim that the element x α := inf M α is the smallest element of the semilattice F ≤α . In the opposite case, we can find an element z ∈ F ≤α such that x α ≤ z and conclude that zx α < x α and {zx α } ∪ M α is a chain in F ≤α that properly contains the maximal chain M α , which contradicts the maximality of M α . This contradiction shows that x α is the smallest element of the semilattice F ≤α .
Observe that for any ordinals α ≤ β < κ the inclusion x β ∈ F ≤β ⊂ F ≤α implies x α ≤ x β . So, for every α ∈ κ the set C α := {x β } α≤β<κ is a chain in X. By the completeness of X, the chain C α has sup C α ∈C α ⊂ F ≤α . Since the transfinite sequence (x α ) α∈κ is non-decreasing, sup C α = sup C 0 for all α ∈ κ. Then sup C 0 ∈ α∈κ F ≤α = α∈κ F α , which means that the family F = {F α } α∈κ has non-empty intersection.
Lemma 5.5. Each W • -compact topologized semilattice X is chain-compact.
Proof. We should prove that any closed chain C in X is compact. This will follow as soon as we show that each centered family F of closed subsets of C has non-empty intersection. Since C is a chain, each set F ∈ F is a closed subsemilattice of X. By Theorem 5.1, the W • -compactness of the topologized semilattice X implies that F = ∅. (1) X is complete;
Proof. The implications (1) ⇒ (2) ⇒ (3) follow from Lemmas 5.4 and 5.5. To prove that (3) ⇒ (1), assume that an ↑↓-closed topologized semilattice X is chain-compact and take any chain C ⊂ X. By Lemma 5.2, the closureC of C in X is a chain. By the chain-compactness of X, the closed chainC is compact. By the compactness ofC and the ↑↓-closedness of X, the centered family {C ∩ ↓x : x ∈C} of closed sets inC has non-empty intersection, consisting of a unique point minC, which is the smallest element of the chainC. It is clear that minC is a lower bound of the set C. For any other lower bound b ∈ X of C we get C ⊂ ↑b and hence minC ∈C ⊂ ↑b = ↑b, which means that b ≤ minC and inf C = minC ∈C. By analogy we can prove that the chain has sup C = maxC ∈C.
The Scott and Lawson topologies on a poset
In this section we apply Theorem 5.6 to characterize posets whose Lawson topology is compact. We recall that a poset is a set endowed with a partial order. For a subset U ⊂ X let ↑U := x∈U ↑x.
A subset U of a poset X is called Scott-open if U = ↑U and each up-directed set D ⊂ X with sup D ∈ U intersects U . The family S X of Scott-open subset of X is a topology, called the Scott topology of the poset X. Observe that for any x ∈ X the set X \ ↓x is Scott-open in X.
The Lawson topology L X on a poset X is generated by the subbase
The Lawson topology L X contains the interval topology I X of X, which is generated by the subbase {X \ ↑x : x ∈ X} ∪ {X \ ↓x : x ∈ X}.
Since {x} = ↑x ∩ ↓x, the interval and Lawson topologies on each poset satisfy the separation axiom T 1 .
More information on the Scott and Lawson topologies can be found in the monograph [12] . Now we prove some lemmas on properties of complete posets. A poset X is defined to be complete if each non-empty chain C in X has inf(C) and sup(C) in X. Observe that a poset X is complete if and only if it is complete as a topologized poset endowed with the anti-discrete topology {∅, X}. By Lemma 5.3, a poset X is complete if and only if each up-directed set U ⊂ X has sup U ∈ X and each down-directed set L ⊂ X has inf L ∈ X. Lemma 6.1. If a poset X is complete, then for any maximal chain M ⊂ X and any non-empty subset C ⊂ M the elements inf(C) and sup(C) belong to M .
Proof. By the maximality of M , it suffices to prove that inf(C) and sup(C) are comparable with any element x ∈ M . First, we prove that inf(C) is comparable with x. If x ≥ c for some c ∈ C, then inf(C) ≤ c ≤ x and we are done. So, we assume that x ≥ c and hence x < c for every c ∈ C ⊂ M . This means that x is a lower bound for the set C and hence x ≤ inf(C) as inf(C) is the largest lower bound for C in X. So, inf(C) is comparable with any element x ∈ M and hence inf(C) ∈ M by the maximality of the chain M .
By analogy, we can prove that sup(C) is comparable with any element x ∈ M and hence sup(C) ∈ M . Lemma 6.2. If a poset X is complete, then for any Scott-open set U ⊂ X and any maximal chain C ⊂ X the set C \ U is either empty or has the largest element x = max(C \ U ) and coincides with C ∩ ↓x.
Proof. Assume that C \ U is not empty. Since X is chain-complete, for the non-empty chain C \ U there exists x := sup(C \ U ) in X. By Lemma 6.1, x ∈ C.
It follows from x = sup(C \ U ) that C \ U ⊂ C ∩ ↓x. Assuming that C \ U = C ∩ ↓x, we can find a point c ∈ C ∩ ↓x such that c / ∈ C \ U and hence c ∈ U . Then x ∈ ↑c ⊂ ↑U = U . Being Scott-open, the set U ∋ sup(C \ U ) intersects C \ U , which is a desired contradiction showing that C \ U = C ∩ ↓x. Then x = sup(C \ U ) ∈ C \ U , which means that x = max(C \ U ).
Lemma 6.3. If a poset X is complete, then for any x ∈ X and any maximal chain C ⊂ X the chain C ∩ ↓x is either empty or has the largest element c and coincides with C ∩ ↓c.
Proof. Observe that the set U := X \ ↓x is Scott-open and apply Lemma 6.2.
Lemma 6.4. If a poset X is complete, then for any x ∈ X and any maximal chain C ⊂ X the chain C ∩ ↑x is either empty or has the smallest element c and coincides with C ∩ ↑c.
Proof. Apply Lemma 6.3 to the poset X, endowed with the opposite partial order = {(x, y) ∈ X × X : y ≤ x}.
A semilattice X is called complete if it is complete as a poset endowed with the partial order ≤ defined by x ≤ y iff xy = x. By Lemma 5.3, this definition of completeness is equivalent to the definition of a complete semilattice given in [12, O-2.1(iv)].
The following theorem characterizes semilattices whose Lawson topology is compact, thus generalizing Theorem III-1.9 in [12] and completing Proposition O-2.2(iv) in [12] . Theorem 6.5. For a semilattice X the following conditions are equivalent:
(1) X is complete; (2) the Lawson topology L X of X is compact; (3) the interval topology I X of X is compact.
Proof. To prove that (1) ⇒ (2), assume the semilattice X is complete. By definition of the Lawson topology, the topologized semilattice (X, L X ) is ↑↓-closed. We claim that it is chain-compact. Given any L X -closed chain C ⊂ X, we need to show that C is compact in the Lawson topology. Let M be any maximal chain, containing the chain C. By Lemma 5.2, the maximal chain M is closed in the Lawson topology L X . By the Alexander subbase Theorem [11, 3.12 .2] and Lemmas 6.2, 6.4, the compactness of M in the Lawson topology will follow as soon as we show that any non-empty centered family F ⊂ {M ∩ ↑x : x ∈ M } ∪ {M \ ↓x : x ∈ M } has non-empty intersection. Let U = {x ∈ M : M ∩ ↑x ∈ F} and L = {x ∈ M : M ∩ ↓x ∈ F}. Since the family F is centered, x ≤ y for any x ∈ U and y ∈ L. Since the family F is not empty, one of the sets U or L is not empty. If U is not empty, then by the completeness of X, the non-empty chain U has sup(U ) in X and sup(U ) ∈ M according to Lemma 6.1. It follows that sup(U ) ∈ M ∩ x∈U ↑x ∩ y∈L ↓y = F.
If L is not empty, then by the completeness of X, the non-empty chain L has inf(L) in X and inf(U ) ∈ M according to Lemma 6.1. It follows that inf(L) ∈ M ∩ x∈U ↑x ∩ y∈L ↓y = F.
In both cases, we conclude that the family F has non-empty intersection and hence the maximal chain M is compact and so is the closed subset C in M . Therefore, the topologized semilattice (X, L X ) is chain-compact. Observe that each subbasic open set U ∈ S X ∪ {X \ ↑x} in the Lawson topology L X coincides with the complement of a closed subsemilattice of (X, L X ), which remains closed in the weak • topology W • X of the topologized semilattice (X, L X ). This implies that W • X = L X . By Theorem 5.6, the topology W • X = L X of the chain-compact ↑↓-closed topologized semilattice (X, L X ) is compact. The implication (2) ⇒ (3) trivially follows from the inclusion I X ⊂ L X . (3) ⇒ (1) Assume that the interval topology I X on X is compact. To show that X is a complete semilattice, we need to show that each non-empty chain C ⊂ X has inf C and sup C in X.
First we show that the chain C has inf C. For this observe that F = {↓c : c ∈ C} is a centered family of I X -closed sets in X. By the compactness of the interval topology I X , the intersection K = F is a closed non-empty set in (X, I X ). By the compactness of K in the interval topology, the intersection x∈K K ∩ ↑x is non-empty and contains the unique element max K, which coincides with inf C by the definition of the greatest lower bound inf C.
By analogy we can show that C has sup(C) ∈ X.
A semilattice X is called meet continuous if for any up-directed subset D ⊂ X having sup D ∈ X and any a ∈ X the up-directed set aD has sup(aD) = a · sup D. For continuous semilattices the following theorem was proved in Theorem III-2.8 [12] . Theorem 6.6. For a semilattice X the following conditions are equivalent:
(1) X is meet continuous; (2) (X, S X ) is a semitopological semilattice; (3) (X, L X ) is a semitopological semilattice. If X is complete and the Lawson topology L X is Hausdorff, then the conditions (1)-(3) are equivalent to (4) (X, L X ) is a compact topological semilattice; (5) (X, S X ) is a compact topological semilattice.
Proof.
(1) ⇒ (2). Assume that the semilattice X is meet-continuous. To show that (X, S X ) is a semitopological semilattice, we need to show that for any a ∈ X the shift s a : X → X, s a : x → ax, is continuous in the Scott topology S X . This will follow as as soon as we show that for any Scott-open set U ⊂ X the set s −1
is Scott-open and the shift s a is continuous.
(2) ⇒ (3) Assume that (X, S X ) is a semitopological semilattice. To show that (X, L X ) is a semitopological semilattice, it suffices to check that for any a ∈ X and subbasic open set U ∈ S X ∪{X\↑z : z ∈ X} the preimage s −1 a (U ) belongs to the Lawson topology L X . If U ∈ S X , then s −1 a (U ) ∈ S X ⊂ L X as (X, S X ) is a semitopological semilattice. So, we assume that U = X \ ↑z for some z ∈ X. If a / ∈ ↑z, then s −1
is a semitopological semilattice. To prove that X is meet continuous, take any up-directed subset D ⊂ X that has sup D ⊂ X. We need to show that for every a ∈ X the element a · sup D is the least upper bound of the set aD. To derive a contradiction, assume that this is not true and find an upper bound b of the set aD such that a · sup D ≤ b. Replacing b by ba · sup D, we can assume that b < a · sup D and thus a · sup D / ∈ X \ ↓b. The continuity of the shift s a in the Lawson topology, implies that the set s −1
a (X \ ↓b) and hence ad ∈ aD \ ↓b which is not possible as b is an upper bound for the set aD ∋ ad.
The implications (4) ⇒ (3) and (5) ⇒ (2) are trivial. Now assuming that the semilattice X is complete and the Lawson topology L X is Hausdorff, we shall prove that (3) ⇒ (4) ⇒ (5). To prove that (3) ⇒ (4), assume that (X, L X ) is a semitopological semilattice. By Theorem 6.5, the Lawson topology L X is compact and by [16] , the compact Hausdorff semitopological semilattice (X, L X ) is a topological semilattice.
To prove that (4) ⇒ (5), assume that (X, L X ) is a topological semilattice. To show that (X, S X ) is a topological semilattice, take any points x, y ∈ X and a Scott-open neighborhood U ∈ S X ⊂ L X of their product xy. Since (X, L X ) is a topological semilattice, the points x, y have neighborhoods U x , U y ∈ L X such that U x U y ⊂ U . By the (already proved) implication (4) ⇒ (1), the complete semilattice X is meet continuous. By Proposition III-2.5 [12] , the upper sets ↑U x and ↑U y are Scott-open neighborhoods of x and y, respectively. Then (↑U x ) · (↑U y ) ⊂ ↑(U x · U y ) ⊂ ↑U = U , witnessing that the semilattice operation is continuous in the Scott topology of X.
Example 6.7. Consider the semilattice
endowed with the operation of coordinatewise minimum. It is easy to see that X is complete and the interval topology I X is Hausdorff and coincides with the Lawson topology L X . By Theorem 6.5, the Lawson topology L X = I X is compact. On the other hand, the semilattice X is not meet-continuous as the chain C = {1} × ω has sup C = (1, ω + 1) and for a = (0, ω + 1) the chain aC = {0} × ω has sup aC = (0, ω) = a · sup C. Therefore, (X, L X ) = (X, I X ) is a compact Hausdorff topologized semilattice, which is not semitopological. Let us recall that a topological space X satisfies the separation axiom • T 1 if for any distinct points x, y ∈ X there exists an open set U ⊂ X such that x ∈ U ⊂ X \ {y};
• T 2 if for any distinct points x, y ∈ X there exists an open set U ⊂ X such that x ∈ U ⊂Ū ⊂ X \ {y}; • T 3 if X is a T 1 -space and for any open set V ⊂ X and point x ∈ V there exists an open set U ⊂ X such that x ∈ U ⊂Ū ⊂ V ;
if X is a T 1 -space and for any open set V ⊂ X and point x ∈ V there exists a continuous
• T 2δ if X is a T 1 -space and for any open set U ⊂ X and point x ∈ U there exists a countable family U of closed neighborhoods of x in X such that U ⊂ U ;
Topological spaces satisfying a separation axiom T i are called T i -spaces. The separation axioms T 2δ and T 2δ were introduced in [5] .
The following diagram describes the implications between the separation axioms T i and T i for i ∈ {1, 2, 2δ, 3, 3
Observe that a topological space X satisfies the separation axiom T 3 1 2 if and only if it is functionally Hausdorff in the sense that for any distinct points x, y ∈ X there exists a continuous function f : X → R with f (x) = f (y). Therefore, each functionally Hausdorff space is a T 2δ -space.
A topological space X is sequential if for each non-closed subset A ⊂ X there exists a sequence {a n } n∈ω ⊂ A that converges to a point x ∈ X \ A. (1) X is a topological semilattice; (2) X is a sequential space; (3) X is a T 2δ -space; (4) X is functionally Hausdorff.
Proof. Since U = ↑U , the complement X \U is a subsemilattice of X. We claim that the semitopological semilattice X \U is complete. We need to prove that each non-empty chain C ⊂ X \U has inf C ∈C \U and sup C ∈C \ U . Since X is complete, there exists inf C ∈C and sup C ∈C. It follows from U = ↑U ⊂ X \ C that inf C / ∈ U . Taking into account that the set C ⊂ X \ U is up-directed and U is Scott-open, we conclude that sup C / ∈ U . Therefore the topologized semilattice X \ U is complete. Now Theorem 7.3 implies that the set X \ U is closed in X and hence U is open in X. (1) Y is a topological semilattice; (2) Y is a sequential space; (3) Y is a T 2δ -space; (4) Y is functionally Hausdorff.
The statements (1), (2), (3) of this theorem were proved in [1] , [3] and [5] , respectively. The statement (4) follows from (3). Proof. The inclusion W X ⊂ L X will follow as soon as we prove that for any continuous homomorphism h : X → I and any a ∈ I the sets h −1 (↑a) and h −1 (↓a) are closed in the Lawson topology L X . Observe that h −1 (↑a) is a closed subsemilattice in X, which has the smallest element s by the completeness of X and Lemma 5.3. Now we see that h −1 (↑a) = ↑s is L X -closed.
To show that h −1 (↓a) is L X -closed, it suffices to check that its complement V := {x ∈ X : h(x) > a} is Scott-open. But this follows from Lemma 7.1 as V is an open upper set in X. Theorem 7.6. For a complete Hausdorff semitopological semilattice X the inclusions
hold, provided one of the following conditions is satisfied:
(1) X is a topological semilattice; (2) X is sequential; (3) X is a T 2δ -space; (4) X is functionally Hausdorff.
Proof. The inclusion W X ⊂ L X was proved in Lemma 7.5 and W • X ⊂ T X follows from the definition of the topology W • X . The inclusion L X ⊂ W • X follows from the definitions of the topologies L X , W • X and Theorem 7.2.
8. On U -semilattices, W -semilattices, and V -semilattices
In this section we shall prove some characterizations involving U -semilattices, W -semilattices, and V -semilattices, which were defined in the introduction.
It is clear that each U -semilattice is a W -semilattice. The converse is true for semitopological semilattices.
Theorem 8.1. For a semitopological semilattice X the following conditions are equivalent:
(1) X is a U -semilattice; (2) X is a W -semilattice; (3) for any open set U = ↑U of X and any point x ∈ U there exists a point y ∈ U whose upper set ↑y is a neighborhood of x in X.
Proof. The implications (2) ⇐ (1) ⇒ (3) are trivial. (3) ⇒ (1) Assume that the semilattice X satisfies the condition (3). To show that X is a Usemilattice, fix any open set V ⊂ X and a point x ∈ V . We need to find a point v ∈ V whose upper set ↑v contains x in its interior.
The separate continuity of the semilattice operation implies that the set ↑V = v∈V ℓ −1 v (V ) is open. By the condition (3), there exists a point y ∈ ↑V whose upper set ↑y contains the point x in its interior. For the point y ∈ ↑V find a point v ∈ V with v ≤ y and observe that the upper set ↑v ⊃ ↑y contains x in its interior.
(2) ⇒ (1) Assume that X is a W -semilattice. To show that X is a U -semilattice, take any open set V ⊂ X and any point x ∈ V . We need to find an element e ∈ V whose upper set ↑e is a neighborhood of x in X.
Since X is a W -semilattice, there exists a finite set F ⊂ V whose upper set ↑F is a neighborhood of x. By Lemma 8.2, for some e ∈ F ⊂ V the upper set ↑e is a neighborhood of x. Lemma 8.2. Let X be a semitopological semilattice and F ⊂ X be a finite subset whose upper set ↑F contains a point x ∈ X in its interior. Then for some e ∈ F the upper set ↑e is a neighborhood of x.
Proof. Since ↑F ∩ ↓x is a neighborhood of x in ↓x, it is not nowhere dense in ↓x. Since the finite union of nowhere dense sets is nowhere dense, for some element e ∈ F the closed set ↑e ∩ ↓x has non-empty interior W in ↓x. We claim that x ∈ W . Indeed, for any w ∈ W we get w = wx and by the continuity of the shift ℓ w : ↓x → ↓x, the set O x := {z ∈ ↓x : zw ∈ W } is an open neighborhood of x in ↓x. It is clear that O x ⊂ ↑W ∩ ↓x ⊂ ↑e ∩ ↓x and hence O x ⊂ W .
By the continuity of the shift ℓ x : X → ↓x, ℓ x : y → xy, the set ℓ −1 x (W ) = {y ∈ X : xy ∈ W } is an open neighborhood of x in X such that ℓ −1 x (W ) ⊂ ↑W ⊂ ↑e. This means that for the point e ∈ F ⊂ U the upper set ↑e is a neighborhood of x.
The equivalence (1) ⇔ (3) of Theorem 8.1 means that our definition of a U -semilattice is equivalent to the classical definition of a U -semilattice given in [8, p.16] . The (proof of) Lemma 2.10 in [8] yields the following important fact. Proof. To prove that the V -semilattice X is W • -Hausdorff, fix any distinct points x, y ∈ X. Because of symmetry, we can assume that x ≤ y. Since X is a V -semilattice, there exists a point v ∈ ↓y whose upper set ↑v contains x in its interior V in X. By the continuity of the left shifts on X, the set
Taking into account that ↑V ⊂ ↑v, we conclude that ↑V = V and then F = X \ V is a closed subsemilattice of X.
X is Hausdorff; (7) the weak • topology W • X is Hausdorff; (8) the I-weak topology W X is Hausdorff; (9) the Lawson topology L X is Hausdorff; (10) X is W • T -separated; (11) X is W • T -separated; (12) X is I-separated; (13) X is a W -semilattice; (14) X is a U -semilattice; (15) X is a V -semilattice.
Proof. It suffices to prove the chains of implications (1) 
The implications (1) ⇒ (2) ⇒ (6) ⇒ (10) trivially follow from the inclusions of the topologies
X ⊂ T X , the equality W • X = T X will follow as soon as we check for any point x ∈ X and neighborhood U ∈ T X of X there exists a neighborhood U x ∈ W • X of x such that U x ⊂ U . Since X is W • T -separated, for any y ∈ X \ U we can find disjoint neighborhoods U x,y ∈ W • X and O y ∈ T X of the points x and y, respectively. By the compactness of X the open cover {O y : y ∈ X \ U } of the closed set X \ U ⊂ X has a finite subcover {O y : y ∈ F }. Then U x := y∈F U x,y is a W • X -open neighborhood of x, contained in U .
(2) ⇒ (14) By [16] , the compact Hausdorff semitopological semilattice is a topological semilattice. If X is weak • , then by Theorem 2.12 [8] and Theorem 8.1, X is a U -semilattice. The implications (1) ⇒ (3) ⇒ (7) trivially follows from the inclusions of the topologies W X ⊂ W • X ⊂ T X .
(3) ⇒ (13) Assume that W • X = T X . To prove that X is a W -semilattice, take any open set U ⊂ X and point x ∈ U . We need to find a finite subset F ⊂ U whose upper set ↑F is a neighborhood of x.
Since the space X is compact and Hausdorff, the point x has a compact neighborhood K x ⊂ U . Since W • X = T X , each point y ∈ X \ U has an open neighborhood V y ∈ W • X which is disjoint with the compact set K x . We can assume that V y = X \ F y for a finite family F y of closed subsemilattices of X. By the compactness of X \ U , the open cover {V y : y ∈ X \ U } has a finite subcover {V y : y ∈ E}. Here E ⊂ X \ U is a suitable finite set.
It follows that X \ U ⊂ y∈E V y = y∈E (X \ F y ) = X \ y∈E F y ⊂ X \ K x and hence K x ⊂ y∈E F y ⊂ U .
Observe that y∈E F y = K where K = { y∈E F y : (F y ) y∈E ∈ y∈E F y }. Each set K ∈ K \ {∅} is a non-empty compact subsemilattice of X, so K ⊂ ↑x K where x K ∈ K is the smallest element of K (which exists by the compactness of K). It follows that F = x K : K ∈ K \ {∅} is a finite subset of K ⊂ U such that K x ⊂ K ⊂ ↑F , which means that ↑F is a neighborhood of x. The implication (13) ⇒ (14) was proved in Theorem 8.1. the compact Hausdorff semitopological semilattice (X, W • X ) is a topological semilattice. Applying Theorem 7.6, we conclude that W X ⊂ L X ⊂ W • X . Now the equality W • X = W X implies that W X = L X = W • X . The implication (6) ⇒ (5) follows from the fact that the Lawson topology L X satisfies the separation axiom T 1 .
(3) ⇒ (7) If X is I-separated, then X is functionally Hausdorff and the topology W X is Hausdorff. By Lemma 7.5, W X ⊂ L X and hence the Hausdorff property of W X implies the Hausdorff property of the Lawson topology L X .
The implication (7) ⇒ (1) follows from the inclusion L X ⊂ W • X , proved in Theorem 7.6 for functionally Hausdorff complete semitopological semilattices. Proof. By Theorem 5.6, the weak • topology W • X on X is compact. If X is weak • , then X is compact and by Theorem 9.1 the compact semitopological semilattice X is weak • . By [16] , the compact Hausdorff semitopological semilattice X is a topological semilattice.
The following proposition gives a partial affirmative answer to Problem 4.9.
Proposition 10.3. If X = α∈A X α is the Tychonoff product of W • T -separated complete semitopological semilattices, then the identity map
is a homeomorphism.
Proof. By Theorem 10.1, the topologized semilattices X α , α ∈ A, are I-separated and so is their Tychonoff product X. Also Theorem 10.1 implies that W • X = W X and W • Xα = W Xα for all α ∈ A. By [4] , the Hausdorff semitopological semilattice X is complete and by Theorem 5.6, the weak • topology W • X is compact and so is the I-weak topology W X = W • X . By Proposition 2.1(1), the identity map id : (X, W X ) → α∈A (X α , W Xα ) is continuous and hence is a homeomorphism (by the compactness of the topology W X and the Hausdorff property of the topologies W Xα , α ∈ A).
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